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Abstract
Let S = {1,2, . . . , n}, and let S = S1 ∪ S2 be a partition of S in two disjoint subsets. A triple
(a, b, c), a, b, c ∈ S, is called a Schur triple if a + b = c. If in addition a, b, and c all lie in the same
subset Si of S, we call the triple (a, b, c) monochromatic. In this paper we give a simple proof that
the minimal number of monochromatic Schur triples is asymptotic to n2/11. We also show that the
number of monochromatic Schur triples modulo n equals n2 − 3|S1||S2|.
 2003 Elsevier Inc. All rights reserved.
Introduction
Let S = {1,2, . . . , n}, and let S = S1 ∪ S2 be a partition of S in two disjoint subsets.
A triple (a, b, c), a, b, c ∈ S, is called a Schur triple if a + b = c. If in addition a, b, and
c all lie in the same subset Si of S, we call the triple (a, b, c) monochromatic (see [GRR]
for the genesis of this terminology). In this paper we address the following two questions:
(1) we count the number of monochromatic Schur triples modulo n;
(2) we show that the minimal number of monochromatic Schur triples is asymptotic to
n2/11.
The problem of finding the minimal number of monochromatic Schur triples was first
proposed by R. Graham et al. [GRR, p. 390] in 1996. It was solved by A. Robertson and
D. Zeilberger [RZ] in 1998. Their proof relies on discrete calculus and a Maple package,
written by Robertson. A little later T. Schoen [S] discovered a paper-and-pencil proof of the
same result. The proof in this paper was discovered independently of Schoen a few months
after he had written his paper. In fact, it was presented in the Number Theory/Modular
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194 B.A. Datskovsky / Advances in Applied Mathematics 31 (2003) 193–198Forms/ Combinatorics Seminar at Temple University in November of 1998. It is somewhat
more streamlined than Schoen’s original argument, and the counting argument used to
pinpoint the minimal number of monochromatic Schur triples is different from Schoen’s.
For these reasons, we would like to present the proof here. Finally, we observe that
Robertson’s and Zeilberger’s result looks different from ours: their minimal number of
monochromatic Schur triples is n2/22 + O(n). The reason for this is that we count the
triples (a, b, c) and (b, a, c), b = a, as distinct whereas they count them as the same triple.
1. Monochromatic Schur triples modulo n
Let S be the complete set of residues modulo n, and let S = S1 ∪ S2 be a partition of S
in two disjoint subsets. In this section we will count the number of a, b, c ∈ Si , i = 1,2,
such that a + b ≡ c mod n.
Theorem 1. LetN (S1, S2, n) denote the number of monochromatic Schur triples modulo n.
Then
N (S1, S2, n) = 1
n
(|S1|3 + |S2|3)= n2 − 3|S1||S2|,
and the smallest number of monochromatic Schur triples modulo n is asymptotically n2/4.
Proof. Let ψk(a) = e2π ika/n, k = 0, . . . , n − 1, be the complete set of additive characters
modulo n. When no ambiguity arises, we will simply write ψ instead of ψk . For an additive
character ψ let
Σi(ψ) =
∑
a∈Si
ψ(a), i = 1,2.
Then the number of monochromatic Schur triples modulo n is given by
1
n
∑
ψ
(
Σ1(ψ)
2Σ1(ψ) + Σ2(ψ)2Σ2(ψ)
)
. (1.1)
But for ψ = 1 Σ1(ψ) + Σ2(ψ) = ∑a mod n ψ(a) = 0. Hence Σ2(ψ) = −Σ1(ψ) and
Σ1(ψ)2Σ1(ψ¯) + Σ2(ψ)2Σ2(ψ¯) = 0.
When ψ = 1, Σi(ψ) = |Si | where |Si | is the number of elements in the set Si .
Consequently, the number of monochromatic Schur triples modulo n is given by
1
n
(|S1|3 + |S2|3). (1.2)
Note that the expression in (1.2) is independent of the choice of the sets S1 and S2; it
only depends on the numbers of elements in these sets. Finally, since |S1| + |S2| = n the
expression (1.2) can be rewritten as
n2 − 3|S1||S2|, (1.3)
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considerably higher number than the corresponding number in a noncongruence setup. 
The argument of this section easily generalizes to counting monochromatic Schur
k-tuples modulo n for k odd, provided only two colors are used to color the set of residues
modulo n. In fact, the following result easily follows from the proof of Theorem 1:
Corollary 1. Let N k(S1, S2, n) denote the number of monochromatic Schur k-tuples
modulo n. Then for k odd
N k(S1, S2, n) = 1
n
(|S1|k + |S2|k).
The above method, however, fails if k is even or S is partitioned into more than two
disjoint subsets. It would be of interest to know if anything intelligent can be said about
monochromatic Schur k-tuples in these situations.
2. The minimal number of monochromatic Schur triples
Let S = {1,2, . . . , n}, and let S = S1 ∪ S2 be a partition of S in two disjoint subsets as
in the introduction. In this section we will count the minimal number of monochromatic
Schur triples. We will prove the following theorem:
Theorem 2. The minimal number of monochromatic Schur triples is asymptotic to n2/11.
The starting point of the proof is Lemma 1 below which is a more elegant version of
Lemma 1 of [S].
Lemma 1. The number of monochromatic Schur triples
N(S1, S2, n) = n(n − 1)2 − 2|S1||S2| + #{a ∈ S1, b ∈ S2: a + b > n}.
Proof. To prove the lemma we introduce the functions fi(x) = ∑a∈Si e2π iax , i = 1,2.
Then the number of monochromatic Schur triples
N(S1, S2, n) =
1∫
0
(
f1(x)
)2
f1(x)+
(
f2(x)
)2
f2(x)dx. (2.1)
By elementary algebra, the integrand in (2.1) equals
(
f1(x) + f2(x)
)2(
f1(x) + f2(x)
)− (f1(x)f2(x) + f2(x)f1(x))(f1(x) + f2(x))
− f1(x)f2(x)
(
f1(x)+ f2(x)
)
. (2.2)
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number equals n(n − 1)/2. As for the second term, its integral counts the number of
{a ∈ Si, b ∈ Sj : i = j,−n  a − b  −1}. Since for every pair a ∈ S1, b ∈ S2, either
−n  a − b  −1 or −n  b − a  −1 but not both, the integral of the second term
in (2.2) simply yields |S1||S2|. Finally, the integral of the third term in (2.2) yields the
number of {a ∈ S1, b ∈ S2: a + b  n}. Therefore the number of monochromatic Schur
triples
N(S1, S2, n) = n(n − 1)2 − 2|S1||S2| + #{a ∈ S1, b ∈ S2: a + b > n}. (2.3)
The expression (2.3) is not quite as elegant as (1.3), but one should expect elegance to
disappear once he passes from congruences to equations. 
We now proceed with the proof of Theorem 2. Let |S1| = n(1/2 + α) and |S2| =
n(1/2 − α). For a fixed α we wish to minimize the number of dichromatic pairs (a, b)
whose sum is greater than n. Consequently let N+ denote the number of pairs (a, b),
a ∈ S1 and b ∈ S2, such that a + b > n and N− the number of pairs (a, b), a ∈ S1 and
b ∈ S2, such that a + b n. Clearly
N+ + N− = |S1||S2| = n2
(
1
4
− α2
)
. (2.4)
To get an upper bound on N− − N+ we exploit the natural symmetry a → n + 1 − a
of the set S. More explicitly, we decompose S into disjoint subsets {a,n+ 1 − a}. For two
distinct sets {a,n+1−a} and {b,n+1−b} we will count the contribution of the elements
of these sets to N+ and N−. In this calculation we will only allow sums of elements from
different sets. Thus all dichromatic pairs of the form (a,n + 1 − a) will not be counted.
Each of them contributes 1 to N+, but since their number is O(n) it can be safely ignored
in an asymptotic calculation.
If n is odd, then (n + 1)/2 will occur by itself in the above decomposition. This affects
the counting arguments below and results in a miscount of dichromatic pairs (a, b) one of
whose entries is (n + 1)/2. However, the number of such pairs is O(n) and is therefore
irrelevant for an asymptotic calculation.
If both sets {a,n + 1 − a} and {b,n + 1 − b} are monochromatic of different colors,
then they produce 4 dichromatic pairs whose sums are a + b, n+ 1 + a − b, n+ 1 + b− a,
and 2n + 2 − a − b. Clearly, two of these sums exceed n and two are less or equal to n.
Consequently the contributions of these sets to N+ and N− are the same.
If both sets {a,n + 1 − a} and {b,n + 1 − b} are dichromatic and a and b are of
different colors, then the sets produce two dichromatic pairs whose sums are a + b and
2n + 2 − a − b. Clearly, one of these pairs contributes 1 to N+ and the other 1 to N−.
Finally, if {a,n+1−a} is monochromatic and {b,n+1−b} is dichromatic where a and
b are of different colors, then the sets produce two dichromatic pairs with the sums a + b
and n+1+b−a. Both of these sums are less or equal to n, provided b < min(a,n+1−a).
This in particular implies that b < (n+1)/2. Thus in this situation the contribution of these
pairs to N− could be 2 greater than their contribution to N+.
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monochromatic sets {a,n + 1 − a} in S1 and S2 are respectively (1/2 + α − β)n/2 and
(1/2 − α − β)n/2. For every dichromatic set {b,n + 1 − b} with b < (n + 1)/2 only
monochromatic sets {a,n+ 1 − a} with color different from b may contribute more to N−
than to N+. Therefore
N− − N+  2βn(1/2 + α − β)n
2
 (1/2 + α)
2
4
n2. (2.5)
Combining (2.5) with (2.4) we see that
N+  1/4 − α
2
2
n2 − (1/2 + α)
2
8
n2. (2.6)
Then
N(S1, S2, n)
(
2α2 + 1/4 − α
2
2
− (1/2 + α)
2
8
)
n2 + O(n). (2.7)
The coefficient of n2 in (2.7) equals
44α2 − 4α + 3
32
= 11(2α − 1/11)
2
32
+ 1
11
.
It achieves the minimum value of 1/11 when α = 1/22. Hence the minimum number
of monochromatic Schur triples is asymptotic to n2/11. This concludes the proof of
Theorem 2.
3. The minimal partition sets
The partition of S that attains the minimum number of monochromatic Schur triples
was discovered by Zeilberger (see [GRR]). It is the following:
S1 =
{
a ∈ N: 4n
11
< a <
10n
11
}
and S2 =
{
a ∈ N: a  4n
11
or
10n
11
 a  n
}
.
Schoen [S] shows that this is essentially the only partition that achieves this result, and our
argument above leads to the same conclusion. Indeed, for N(S1, S2, n) to be asymptotic to
n2/11, α must equal 1/22. Then |S1| = 6n/11 and |S2| = 5n/11. Moreover, β = 3/11, and
by (2.5) all the b’s in the dichromatic Schur triples that contribute an extra 2 to N− must
lie in the smaller set S2. Their larger counterparts n+1−b as well as monochromatic pairs
(a,n+1−a) with a,n+1−a > b must lie in S1. The number of these pairs (a,n+1−a)
must be (1/2+α−β)n/2 = 3n/22. Thus they together with the elements n+1−b coming
from the dichromatic pairs account for all the elements in S1. In particular, all elements of
S1 less than (n + 1)/2 come from monochromatic pairs (a,n + 1 − a).
198 B.A. Datskovsky / Advances in Applied Mathematics 31 (2003) 193–198It remains to consider the monochromatic pairs (a,n+1−a) in S2, a  (n+1)/2. This
pair in conjunction with a dichromatic pair (b,n + 1 − b) contributes an extra 2 to N+ if
n+ 1 − b > n+ 1 − a or a > b. Thus for a partition to be minimal the following properties
have to hold:
(i) Every a ∈ S2, a  (n + 1)/2 that comes from a monochromatic pair (a,n + 1 − a) is
less than every b ∈ S2 that comes from a dichromatic pair.
(ii) Every a ∈ S1, a  (n + 1)/2 that comes from a monochromatic pair (a,n + 1 − a) is
greater than every b ∈ S2 that comes from a dichromatic pair.
Combined with considerations of the preceding paragraph, this forces the minimal
partition to be the one discovered by Zeilberger.
The partition of Zeilberger can be generalized as follows: fix an 0  α  1/6 and
consider a partition of {1, . . . , n} into sets S1 and S2 with cardinalities n(1/2 + α) and
n(1/2 − α). Then the partition that yields the smallest number of monochromatic Schur
triples is given by
{
a ∈ S1 if (3/8 − α/4)n < a < (7/8 + 3α/4)n,
a ∈ S2 otherwise.
In addition, the transformation a → n + 1 − a transforms a partition with the smallest
number of monochromatic Schur triples into a partition with the largest such number.
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